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Recently P. ErdGs asked whether there is a set of real numbers which 
meets every infinite arithmetic progression but does not contain any 
arithmetic progressions of length 3. In unpublished work, R. 0. Davies 
showed that such a set exists if the continuum hypothesis is true. The 
purpose of this note is to give a proof which does not require the continuum 
hypothesis. In fact, we obtain the following stronger result. 
THEOREM. Let V be a vector space over the rationals. Then there is a set 
XC V such that X meets every infinite arithmetic progression in V but X 
contains no three-element arithmetic progression. 
By an infinite arithmetic progression we mean a set of vectors of the 
form a + mb, where a and b are fixed vectors, b # 0, and m ranges over 
the non-negative integers (so the progression is infinite in one direction 
only). 
It will obviously suffice to prove the theorem only for infinite-dimen- 
sional vector spaces. 
Let B be a basis for V, and suppose that B is totally ordered by the 
relation < (warning: we also use the symbol < for the usual ordering of 
the rationals). Then for any vector a in V there is a unique sequence 
(rl ,.-., r,) of nonzero rational numbers for which there are b1 ,..., b, in B 
such that b, < b, -=c *** < b, and a = rib, + ... + r,b, . We write 
o(a) = (rl ,..., r,). Note that a(O) is the empty sequence. 
Now let B’ be a countable subset of B and let V’ be the subspace spanned 
by B’. Since v’ is countable, it is easy to see that there are only countably 
many infinite arithmetic progressions lying within V’. Let A1 , A, ,..., A, ,... 
be an enumeration of them. 
We will obtain a set {a n : n > l} of finite sequences of rationals by 
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induction as follows. Suppose ui has been obtained for every i < n, and 
suppose A, = {a + mb : m > 0}, where 
b = r,b, + r,b, + *** + r,b, , b, ,..., bk E B, b, < *a* < b, , 
and ri # 0 for all i. Let t, be the largest element of {I r 1 : r occurs in some 
ui , where i < IZ, or r is a coordinate of a relative to B}. Choose c E A, 
such that for all i with 1 < i < k, if ci is the coordinate of c with respect 
to bi then 1 Ci [ > 3t, . Let on = a(c). Note that for every r occurring in 
u, , either I r I < t, or I r 1 > 3t, . 
Now let X = {b E V : for some n, o(b) = a,}. If A is an infinite arith- 
metic progression in V, then there are b, ,..., bl E B such that 
b, ==c -.. < bl 
and A is in the subspace 2 of V spanned by {b, ,..., b,}. Let 4’,..., bz’ be 
members of B’ such that b,’ < .** < bl’, and let T : Z-+ V’ be a linear 
transformation such that T(bi) = bi’ for 1 < i < I. Then T carries A into 
an infinite arithmetic progression in V’, which must be one of the A, . By 
construction there is c E A, so that u(c) = u, . But then T-l(c) E A and 
u(T-l(c)) = u(c) = u, , so T-l(c) E X and therefore A n X is nonempty. 
It remains only to show that X contains no arithmetic progression of 
length 3. Let a, b, c E Xand assume u(a) = a, , u(b) = u, , u(c) = u?, and 
m < n <p. We may choose d, ,..., dk E B such that 
4 < -*a < d,, a = i aidi , b = .f bidi and c = i cidi 
i=l i=l i=l 
(some of the ai , bi, and cd may be 0). Now assume that in some order 
a, b and c form an arithmetic progression. 
Case 1. IZ < p. Since u(c) = uP there is some ci such that 1 ci 1 > 3t, . 
Ah I ai I , I bi I < t, . Since ai , bi , ci form an arithmetic progression 
also, we must have either ai - bi = bi - ci , b, - ai = ai - ci , or 
a( - ci = ci - bi , all of which are impossible. 
Case 2. m < n = p. Without loss of generality we may assume i is 
such that I bi I > 3t, and I bi I , / q I < t, for all j < i. If / ci I > 3t, then 
1 ci 1 < t, , and we get a contradiction as in Case 1 since 1 ai 1 < t, also. 
Hence 1 ci I > 3t, and since u(b) = U(C) we have bi = ci . (bi and ci both 
coincide with the first element of u, which is > 3t, .) But then ai = bi = ci , 
contradicting m < n. 
Case 3. m = n = p. Let i be the least number for which we do not 
have ai = bi = ci . Then at least one of ai , bi , c1 is 0 (since otherwise 
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ai = bi = ci follows from u(a) = a(b) = U(C)). Say ai = 0. If either 
bi = 0 or ci = 0 then clearly ai = bi = ci = 0, a contradiction. Hence 
bi , ci # 0. But since bj = cj for allj < i and u(b) = O(C), we have bi = Ci . 
Then ai = bi = ci , a contradiction. 
It follows that a, b, c cannot form an arithmetic progression in any 
order, and the theorem is proved. 
It should be remarked that by modifying slightly the method of this 
proof, one can obtain the following still stronger theorem: 
Let V be a vector space over the rationals and let k be a fixed positive 
integer. Then there is a set X, C Y such that A’, meets every infinite 
arithmetic progression in V but X, intersects every k-element arithmetic 
progression in at most two points. 
